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We reonile seemingly oniting statements in the literature about the behavior of osmologial
solutions in modied theories of gravity where the Einstein-Hilbert Lagrangian for gravity is modied
by the addition of a funtion of the Rii salar, f(R). Using the example of f(R) = ±µ4/R we
show that only suh hoies of f(R) where d2f/dR2 > 0 have stable high-urvature limits and well-
behaved osmologial solutions with a proper era of matter domination. The remaining models enter
a phase dominated by both matter and salar kineti energy where the salar urvature remains
low.
The addition of a new term f(R) to the Einstein-
Hilbert ation provides a possible explanation for the
late-time aeleration of the universe [1, 2, 3℄. However
there is some onfusion in the literature as to what kind
of funtions f(R) result in solutions that are stable and
osmologially viable. In [4℄, the authors laim that a
osmology whih behaves like ΛCDM at early times and
is stable to perturbations requires fRR ≡ d2f/dR2 > 0.
On the other hand, Bean et al. [5℄ have demonstrated
that linear perturbations are stable in the CDTT model
[1℄ for whih fRR < 0. In addition, Amendola et al. [6, 7℄
have laimed that f(R) models do not have a normal
matter-dominated epoh.
The aim of this Brief Report is to larify the situation.
We show that the sign of fRR does determine whether
the theory approahes the GR limit at high urvatures.
For fRR > 0, the theory at high urvatures behaves very
lose to GR and is stable. For fRR < 0, the GR limit
is unstable. In an f(R) model, high density does not
neessarily orrespond to high urvature. We will show
that the Rii salar rapidly evolves to a low urvature
solution at high redshift in this ase. This is the insta-
bility disovered in [4℄. However, the low-urvature solu-
tion itself is stable, and hene it has well-behaved linear
perturbations [5℄. The bakground osmology in this low-
urvature phase does not have the usual period of matter
domination with H ∝ a−3/2. Instead it enters a φMDE
phase [6, 7℄ where H ∝ a−2, and is not observationally
viable.
Preliminaries  We onsider modiations to the
Einstein-Hilbert ation of the form [8℄
S =
∫
d4x
√
−gJ
[
RJ + f(RJ)
2κ2
+ Lm
]
, (1)
where RJ is the Rii salar, κ
2 = 8piG and Lm is
the matter Lagrangian. We dene fR ≡ df/dRJ and
fRR ≡ d2f/dR2J. J denotes the Jordan frame, to be
∗
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distinguished from the Einstein frame below. We on-
sider only the metri-formalism version of the theory, in
whih the Rii salar is a fully dynamial degree of free-
dom.
In order for an f(RJ) model to be onsistent with os-
mologial observations, the evolution of the sale fator
aJ must remain lose to that of the onordane ΛCDM
model: i.e. a period of radiation domination, followed by
high-urvature matter domination, ending in an era of
aeleration. In [4℄, the authors showed that there exists
an f(RJ) that reprodues any desired expansion history.
The funtion is parameterized by
B(aJ) ≡ fRR
1 + fR
dRJ
d ln aJ
(
d lnHJ
d ln aJ
)
−1
, (2)
where HJ is the Hubble parameter. However, models
with B < 0 were found to be unstable to linear perturba-
tions at high urvature and hene to not reprodue the
desired phenomenology.
We ompare this nding with that in the Einstein
frame in whih stable osmologial solutions for B < 0
models have been found [5℄. As emphasized by [9, 10℄, in
the Einstein frame gravity is unmodied but there is an
additional minimally oupled salar whih evolves in a
potential. Provided that fRR 6= 0 and 1+fR > 0, we an
use the onformal transformation to the Einstein metri,
gEµν = exp(σψ)g
J
µν with the new salar eld dened as
ψ ≡ σ ln(1 + fR) , (3)
where σ = sgn(fR) ensures that ψ > 0. The Jordan-
frame urvature RJ(ψ) an then be found by inverting
the relation (3). The resulting Einstein-frame ation is
one for a salar-tensor theory of gravity [19℄
S =
∫
d4x
√
−gE
{
1
2κ2
[
RE − 3
2
(∇Eψ)2 − V (ψ)
]
+ exp(−2σψ)Lm[gEµν exp(−σψ)]
}
, (4)
where
V (ψ(RJ)) =
RJfR − f
(1 + fR)2
. (5)
2E denotes variables in the Einstein frame. Here the
matter is not minimally oupled, whih results in the
need to transform bak to the Jordan frame for the inter-
pretation of physial results. Heneforth all derivatives,
with the exeption of fR and fRR, will be taken with
respet to Einstein-frame variables.
High urvature stability  For expository purposes we
use a generalization of the CDTT model [1℄:
f(RJ) = −σ µ
4
RJ
, (6)
where σ = ±1 and µ ∼ H0. The σ = +1 model is
the original CDTT hoie with B < 0 and has a pe-
riod of late-time aeleration with an eetive w = −2/3.
As in all inverse urvature models, the behavior in the
low urvature aeleration phase where |fR| ≫ 1 is in-
dependent of σ [11℄. However the aeleration phase for
σ = −1 (mCDTT) eventually auses a sign hange in
1 + fR evolving past a oordinate singularity in the Ein-
stein frame. Moreover, a sign hange in 1+fR and hene
B at low urvature would lead to Jordan-frame instabil-
ities in a perturbed universe. Nevertheless the mCDTT
model is illustrative and its pathologies are avoidable.
Any funtion f(R) suh that limRJ→∞ fR = 0 ould have
been hosen for this analysis. For example, the model
f(R) = µ2(R/µ2)m with 0 < m < 1 has B > 0 and ex-
hibits stable and observationally viable aeleration [12℄.
We analyze the model in the Einstein frame, with the
salar dened as in (3). At high urvature, ψ is inversely
related to the Jordan-frame Rii salar RJ
lim
RJ→∞
ψ ∼ µ
4
(RJ)2
. (7)
Small ψ implies a high urvature. If ψ evolves away from
zero, the expansion enters a low-urvature phase. The
potential for the salar, as dened in (5) is
V (ψ) = 2σµ2 e−2σψ
√
σ(eσψ −1) . (8)
We assume that the matter is a sum of a pressureless
omponent, pm = 0, with density ρm and an ultrarel-
ativisti omponent, pr = 1/3, with density ρr. Non-
minimal oupling to the trae of the energy-momentum
tensor requires that the evolution of ψ is driven by an
eetive potential
Eψ =
1
3
∂V
∂ψ
− σ
3
κ2ρJm e
−2σψ ≡ ∂Ve
∂ψ
, (9)
where we have used ρJm = ρ
E
m e
2σψ
to bring out the depen-
dene on ψ. Neither of the two quantities is onserved in
the Robertson-Walker bakground of the Einstein frame.
For example, ρEm evolves aording to
ρEm
′
+ 3ρEm = −
σ
2
ψ′ρEm . (10)
Assuming that ψ ≪ 1, i.e. that the urvature is high
RJ ≫ µ2we an expand the eetive potential around
ψ = 0:
V
e
≈ κ
2ρJm
6
+
2
3
σµ2
√
ψ − 1
3
σκ2ρJmψ +O(ψ3/2) . (11)
This potential has an extremum at ψGR ≈ µ4/(κ2ρJm)2,
i.e. at the GR limit of RJ ≈ κ2ρJm. For the CDTT model
this is a maximum, whereas for the mCDTT model this
is a minimum. The potentials for both models are pre-
sented in Fig. 1.
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Figure 1: Exat eetive potentials with onstant term sub-
trated for a range of matter densities for salar eld in CDTT
(top panel) and mCDTT (bottom panel) models. Both mod-
els exhibit extrema at RJ = κ
2ρJm: a maximum for CDTT
and a minimum for mCDTT.
We an easily demonstrate the instability of the high-
urvature solution for the CDTT model in the Einstein
frame. For ψ ≪ 1, the equation of motion of the salar
eld beomes (9)
ψ′′ +
(
3 +
H ′
E
HE
)
ψ′ +
σ
3H2
E
(
µ2√
ψ
− κ2ρJm
)
≈ 0 , (12)
where
′ ≡ d/d ln aE, and HE obeys the Friedmann equa-
tion
H2E = H
2
E
ψ′2
4
+
1
6
V (ψ) +
κ2ρEm
3
+
κ2ρEr
3
. (13)
We now assume that there exists a well behaved high-
urvature solution to (12), say ψ0. We then perturb
around this solution by dening ψ = ψ0 + δψ whih re-
sults in the linearized equation of motion for the pertur-
bation
δψ′′ +
(
3 +
H ′
E
HE
)
δψ′ − σµ
2
6H2
E
ψ
3/2
0
δψ = 0 . (14)
3For σ = +1, δψ is unstable on very short timesales
sine ψ0 ≪ 1. However, for the mCDTT model the high-
urvature solution is stable, provided it exists. This anal-
ysis is related to [10℄ where the mass of the salar around
ψ = 0
m2ψ = V,ψψ|ψ=0 = f−1RR − 3R− 4f , (15)
gave a large tahyoni valuem2ψ < 0 for the CDTT model
at high urvature. The eld rapidly rolls away from this
maximum to high values, ausing the Jordan frame ur-
vature to be signiantly below that of GR. We illustrate
this with a numerial solution in Fig. 2. The alulation
is initialized at the GR value of the Rii salar but it
drops quikly to a small value and proeeds to deay as
a−4
J
.
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Figure 2: Evolution of the Jordan-frame Rii salar for
LCDM (solid; µ = H0), mCDTT (dashed; α = 2) and CDTT
(dotted; α = 2). All models are started with the same GR ini-
tial onditions. This solution is unstable in the CDTT model
and the urvature rapidly relaxes to the φMDE phase where
it is muh lower than for the orresponding GR solution. This
phase replaes the standard matter domination for f(R)mod-
els with B < 0. mCDTT follows standard LCDM evolution
until late times, where it asymptotes to a milder aeleration
phase.
We now need to establish the existene of the high-
urvature solution in the ase of mCDTT, i.e. that or-
retions to GR remain small throughout the matter-
dominated phase. We ontinue to assume that ψ, ψ′ ≪ 1
(implying that Jordan- and Einstein-frame quantities are
approximately equal) and we ignore the ontribution of
radiation. We take ψGR = µ
4/(κ2ρJm)
2
as the GR so-
lution for the Jordan-frame Rii salar. Dening the
perturbation away from this solution as δψ ≡ ψ − ψGR,
we obtain the linearized equation for these perturbations
from (12) during matter domination
δψ′′ +
3
2
δψ′ +
9
2α4a6
E
δψ = −45ψ
GR
≈ −45α
4a6
E
9
, (16)
where α2 ≡ 3µ2/κ2ρJm(aJ = 1). This is a damped
harmoni osillator with an extremely high frequeny,
ω ∼ 1/α2a3
E
. The amplitude is driven by the inhomo-
geneous term, giving
δψ
ψ
GR
= −10α
4
a6
E
. (17)
This remains extremely small throughout matter domi-
nation, onrming that for the mCDTT model the os-
mology remains extremely lose to that for GR until the
aeleration phase.
Low-urvature φMDE phase  We have demonstrated
above that in the B > 0 mCDTT model the high-
urvature solution is stable, whereas it is not in the B < 0
CDTT model. The evolution of f(R) theories generially
exhibits a xed point in whih the Einstein-frame salar
eld is kineti-energy dominated and remains a onstant
fration of the energy density, together with the matter
[6, 7℄. This phase replaes the ordinarymatter dominated
expansion for B < 0 and is alled the φMDE solution.
The analysis was extended in [13℄ to show that B > 0
models do have usual matter-dominated eras for at least
some initial onditions.
In this setion we will demonstrateusing a slight
modiation of the method originally introdued in [14℄
and then used in [5℄that indeed the φMDE phase is
a saddle point in the evolution for both CDTT and
mCDTT, but it an only be ahieved for CDTT.
We introdue the dimensionless variables
x =
ψ′
2
, y =
V
6H2
E
. (18)
Assuming that radiation is negligible, we an rewrite the
Friedman equation (13) as an equation for the matter
energy density and its derivative
κ2ρEm
3H2
E
= 1− x2 − y , H
′
E
HE
= −3
2
(1 + x2 − y) . (19)
We assume that the potential for the salar eld is of ex-
ponential form, V (ψ) = A exp(γψ), whih is valid when
ψ ≫ 1. From (8), γ = −3/2 for CDTT, while γ = 2
for mCDTT. This allows us to reast (9) and (10) as
evolution equations for x and y:
x′ =
σ
2
− 3
2
x− σ
2
x2 +
3
2
x3 − y
(
γ +
σ
2
+
3
2
x
)
, (20)
y′ = y
(
2γx+ 3(1 + x2 − y)) . (21)
The xed points of the evolution our wherever x′ =
y′ = 0. In partiular, the point orresponding to φMDE
lies at (x, y) = (σ/3, 0). At this point, the salar eld
4energy density is ompletely dominated by the kineti
term and the fration of the total energy in matter is
Ωm = 8/9. From equation (19), the eetive equation of
state is w = 1/9, resulting in the Einstein-frame Hubble
parameter evolving as HE ∝ a−5/3E . The Jordan and
Einstein frame Hubble parameter are related by
HJ = HE e
σψ/2
(
1− σψ
′
2
)
. (22)
Sine ψ ∼ 2 ln aE/3 at this xed point, HJ ∝ a−2J , just
as during radiation domination.
Using (12) and (13), we an express the Jordan-frame
Rii salar as
RJ = e
σψ
(
4V + 2σ
∂V
∂ψ
)
, (23)
and hene both the models under onsideration have
RJ ≪ H2 at the φMDE xed point.
The eigenvalues at this point are−4/3 and 2/3(5+ασ).
For both models φMDE is a saddle point. However, only
for the CDTT model is this stage of evolution possible to
ahieve. Here, the eld has a large value and is running
o to positive innity, exponentially suppressing the on-
tribution of the potential to the Hubble parameter. In
the mCDTT model, V ∝ e2ψ: the large-eld limit is also
the large-potential limit. The existene of the φMDE
phase therefore requires that ψ ≪ 0, whih is not a valid
limit of the Jordan-frame theory and is a result of the
use of the exponential approximation to the potential.
Disussion  We have shown that in the ase of the
generalized CDTT model, the sign of B determines the
behavior of the model and leads to a qualitative hange
in the Einstein-frame potential for the salar eld. This
salar eld has a large negative mass squared in the high
urvature limit for B < 0 models, resulting in unstable
solutions in the GR limit. The eld runs o to a large
value, where the potential is eetively exponential. The
osmology enters a phase of simultaneous salar eld and
matter domination with the physial Hubble parameter,
HJ, proportional to a
−2
J
and a very small value of the
urvature salar in the Jordan frame.
The situation is radially dierent in the ase of
mCDTT, where B > 0 at high urvature. The GR-like
solution is stable, the osmology goes through a phase of
standard matter domination where orretions to GR re-
main small. The aeleration behavior is asymptotially
the same as CDTT but this spei model will develop
instabilities deep in the aeleration regime.
Another important dierene between the two model
lasses parameterized by B is their behavior around mass
soures, i.e. their preditions for Solar-System tests. In-
deed, in B < 0 models the Rii salar is perturbed only
slightly from its low bakground value by soures of mat-
ter density, RJ ≪ κ2ρm. PPN parameters an then be
alulated using the weak-eld approximations [15, 16℄
and whih results in a highly exluded value of γ = 1/2
[10℄. However, this is not neessarily true for B > 0 mod-
els. For these models, the value of the Rii salar an
be high, reeting the loal matter density. It is there-
fore inappropriate to linearize the perturbations to RJ.
As shown in [12℄ and [17℄, the hameleon mehanism re-
sulting from the non-minimal oupling of the theory to
matter and the existene of a minimum in the salar po-
tential around the GR value of the Rii allows for the
theory to evade Solar-System tests, at least for ertain
funtions f(R) and ertain ranges of parameters. We
will elaborate in detail on the onstraints put on f(R)
theories by solar-system tests of gravity in a future work
[18℄.
Aknowledgments  We thank R. Bean, S. Carroll, H.
Peiris, J. Santiago, Y.S. Song, J. Weller and A. Upadhye
for useful onversations. This work was supported by
the KICP under NSF PHY-0114422, DOE under DE-
FG02-90ER-40560, and the David and Luile Pakard
Foundation.
[1℄ S. M. Carroll, V. Duvvuri, M. Trodden, and M. S. Turner,
Phys. Rev. D70, 043528 (2004), astro-ph/0306438.
[2℄ S. Capozziello, S. Carloni, and A. Troisi (2003), astro-
ph/0303041.
[3℄ S. Nojiri and S. D. Odintsov, Phys. Rev. D68, 123512
(2003), hep-th/0307288.
[4℄ Y.-S. Song, W. Hu, and I. Sawiki, Phys. Rev. D75,
044004 (2007), astro-ph/0610532.
[5℄ R. Bean, D. Bernat, L. Pogosian, A. Silvestri, and
M. Trodden, Phys. Rev. D75, 064020 (2007), astro-
ph/0611321.
[6℄ L. Amendola, D. Polarski, and S. Tsujikawa, Phys. Rev.
Lett. 98, 131302 (2007), astro-ph/0603703.
[7℄ L. Amendola, D. Polarski, and S. Tsujikawa (2006), astro-
ph/0605384.
[8℄ A. A. Starobinsky, Phys. Lett. B91, 99 (1980).
[9℄ G. Magnano and L. M. Sokolowski, Phys. Rev.D50, 5039
(1994), gr-q/9312008.
[10℄ T. Chiba, Phys. Lett. B575, 1 (2003), astro-ph/0307338.
[11℄ O. Mena, J. Santiago, and J. Weller, Phys. Rev. Lett.
96, 041103 (2006), astro-ph/0510453.
[12℄ T. Faulkner, M. Tegmark, E. F. Bunn, and Y. Mao
(2006), astro-ph/0612569.
[13℄ L. Amendola, R. Gannouji, D. Polarski, and S. Tsu-
jikawa, Phys. Rev. D75, 083504 (2007), gr-q/0612180.
[14℄ E. J. Copeland, A. R. Liddle, and D. Wands, Phys. Rev.
D57, 4686 (1998), gr-q/9711068.
[15℄ A. L. Erikek, T. L. Smith, and M. Kamionkowski, Phys.
Rev. D74, 121501 (2006), astro-ph/0610483.
[16℄ T. Chiba, T. L. Smith, and A. L. Erikek (2006), astro-
5ph/0611867.
[17℄ I. Navarro and K. Van Aoleyen (2006), gr-q/0611127.
[18℄ W. Hu and I. Sawiki, Phys. Rev. D submitted (2007),
arXiv:0705.1158 [astro-ph℄.
[19℄ Dening ϕ ≡ σψ/
p
2/3κ yields anonial normalization.
